\/ & vechy Space . A ol KEV is a cet stoable umder posihive
mul Hplication (i2. doesi'd icessowily wmbain The ongin)

The dud cone i dufined
K*=$oeV|d(R20 v xek}

An extremal ray <K s am extremal vay £ it is a owe

fiman cional Mboone St 1f Xy élf} Tn Xllj e ¥

Y a pmacdw& Vaw | ety
The omple tone AmP(ﬂCN'(X},& is b cone of oll owmple Redivisos

The pef one Nep (XDc N'(’% is the oome o all pofs Rediviews.

Notice: Amp (X) 1o (equ'lvalwﬂ\j\ Twe comvex ome spammad by ample

}m+eg ral divigors

By Kleiman's Tam ...
M NL'F()A:m omd A‘”‘P OQ:"'-!— (NL’G (Xﬁ '

[P already Know Nef (XY is cloged and A(W}O(x) Is opew.

So Amp(O SNef () omd Amp(x) S int (Nef ()

But it D is mfyHoample, we kvow DtzH is wmple fov sull small £>0,



o Ne,(-QAMP.

Assume D S int (Ne$). Them D-cHis nef v smgl £50. Thus
(D"EH)“ tH =D is ample. O

Cones ob CUVVE
e+ 2, (g ke The veckor space of Relinear combivdtions o irveduci b

mrves on X,

\(l J 2)’z € Z, (X)r& are huwevically equwaLwi— if D'B’FD'BZ
’QDV eueny Débivm ()‘\.

N | ( X) R -= Z‘O()“l Nupan cal

equivalemce

'Btj c,uv-s‘l‘vud‘l'b\f\) HTherce (Hon N;(%P*N,(X}R——’R € 0 pufedt
Paivihj, o N(p = N‘Oq“z.

The tone of auvves NE<X§ QN, (X)R Is The Cont spamned by

hoh-hegahve lincar  combinations of uvver, amel

NE () is b cloged ome of cuvies.
Thm: NEXY is Tae (omedualho Ne&(X). That s,
NE () =§¥ ¢ N,OOR [ D120 ¥ D e Nek(x)3

Ps g)w,age_’ (Thic i d'ug+ chedking  cone shdi%\



We com Fect aVVIPlH'UdL Vi owes:
Thine: DeDivp\(X) is ample
& NE() =S Dy, = ene)| DY S0k

Eﬂ' Supposam Second  Safemnt  holds,
Lot Lf’b"l\h(’qlp\*’ﬂl he intersechon W/ D.

Trw I (Y) >0 Hrall ¥ e NE-{ok

Let H,)...,Hy be ample divivovs twat fovm 4 basic for N‘G(\m, Defing
The vorm o N, (X)

H b,” = Z’HL ’b,l. (COW\ Uneck That  Hhis s ad'ualty a PIUVW\B

Lot 5 = {5 [ ”UH:IEJW‘L "Lnit SPI’\L(/L'.I —D/uvw LFD<Z\>O for
YeNe(x)-S.

N_EO()‘S i< Lownpad-) 0 Thwe iS Stme €30 sS4
4y(¥)22 V ¥e NE(x)-%

Thus, D-C 22 cl= i(H 'C/H for evew ivreducible cune C <X

5:—?5,%1) is ample.

\,
(Y

(94



Comver sely | 03 sume D is oumple.
Lt YeNE®M) L+ FeN'(¥) st F¥<o

Thw D*EF is ample (omd Thug het) for hall 2, S0 CD*%F)‘X 20
= Dy 2-gF¥>0 = YeD,, O

NO‘I'€3 Cam Wge Cowes Jm $o e that- 1€ H 1S QW'PLQ./—hULVL ave o\«[lj

Fnitely Moy integral  curvue clasias\é m NEG) st
HY<M fn some M>0. Exercke: Pove tuis.

Shrudure of tomes on o suvlace
X & «m prjective  gwface. Them

) N (Y =N g

) Net () € NE(X),
witw 4qua’i’r\1 &> 20 v all jnedwible C.

PE D ampe = D=4l (i irv amd 430, 30 Amp (x) < NEXX)

Taking closuves, get Nef (x) € Ne (x).

NE(X) S Nef (x) & NE(x)C Net(*) &all ive C ave hef
e clzo vV ik



3) Lt CCX i w/ CY 0. T NE (O IS Spamied by C owd
NE( 4, = Cao ANE ().

Pt £ CIGN{:-(X) 18 eLLechve omd desn't have C a a
Compont, T L C20, 90 C e Loy NINE X

T, NE(X) <€ GPM\(C/CEO(\ N—E(X\\ g]_\TE(XS. N

‘—]\ £ C is ivieducible omd CféO, T Coig o The wag{amj
ot WEM | £ CZ(O; s an extremal =Y.

Eﬂ e C2<O,'h e ¢ NE(X\C&O,% L,ﬂ’s.\,cmw& bo echam.
|£ (f=o, find KGN'MW\ <+ C¥<o.

Tm € (C+e¥)=eC YOV 250 Sine C is wf
CreY ¢NE(X), o C s onthe boundan D
Claim: Lt X be o Sm. projedive suvface | omd  dim N' (g > 1

S\A\apos{ CSX is on ivvducibe uwue st. C >0 Twn
C e int (NEQY .

P4 By Hodge index, i+ D-C=0, tan D<O = Diis hok et

o B Diswd D (>0



Choose & hovm owm Nl(x\m omd |t SC N|<Y\|Z be The covie unit
Spheve .

Fov any ‘DGN&F(K)(\SI (fLQD): DC >S0. T‘/WLS, Sihce NL-F(VQ(\S
1S ww\pad-/ Taere i Sme M DO sk DCZM Y DeNONNS

S\'milavﬁ,,’d' F=#0 b¢%°Z1,1W';;v¢ clasg N.(ij. Taw  Twre 15 sonw N >0
st. IDFIEN ¥V DeNet (NS,

Tok QS fam for ang DeNeE(O QS
D{c+eF)=D-C+ed-F2 M- n=My,

So Ct+eFe N—E(X\

. £ VEOO
Note: ¢ depondc sn T, hut by bOV\UL)(H_\jo, We bhly hed v chock

C vomains i NEG) Yoy moring it in 2-6lim N|(X)nb many - dive ctios D)

Exampa: Comes of vuled surfores

C a smooth Plrude(,‘{'ixk rve ot gonws g
E = vank 2 v.b. ow C.

Lt X =P(E), omd T X—C fu pechon



To make tomputahions easier, assume oud E is even.

X is invaviowt undew —l—mwv?vj by a [b. s we (am as suma

Ay € = O

@,dl\= hul-o]qica] cluoh'w-F with msFLLd— b £
(Pz_s-l-vl'd's as @F (') on equh ﬁ'bzk)

Have Sequence D"Gx("}—’ T €E —>®X (N— 0

(Eultr sequance om each P')

Racall:
N'(XB{R S g,wm“’d [’7‘j %:C|(®ﬁ>(e)(|3> ond jczq-ﬁ'lg(k

clacs

whire £720 amd 2§ = deg Op (V=

EA]

Lt C,€X ke & whon
K/
™

Tl’bw‘ on Co}

D = ‘*‘:7\/\15% C‘<dx(|)>‘c° +c, @ - C,

omd  own -fJ T*E s +viv|'a\) )
c,ﬁ,é"s"f=— 2 f

= ¢, (5)((-') Shum — ¢



_I_hu5) %L = *C,(dx('\b% = Cz (TF* E) "W*(Cz(E\) = 0O
hWo Cq onn a e

So in | af +b? = 2ab = Net (X) C st quadram—
&U/\Wq) ( > o -f—’% -quy\L

Since Abert are ivredutible, cmd 70 = £ i NESRS
NH—‘(X\ i in e b quadrant w/ § ac o kOUhM.

TO —Find b s erm,\dw\.j ray, heed o £ind N—E(X\

Case |- E umstable.

oh.g@)
Fk(o

Recall: Slope €= M(€) =

£ is semi-sfable & _u (L\}}A (F\ for any quoﬁw‘\” E—>L
S (D EM(E) for Oy ub L=>E

OT\/u-v\NigL, E unctable

Evevcise: € avahle T bundle on a cuvve will be destabiliz ed oy o
l(ﬂe W[&.

| n sur cage, E wmehab = 3 & |, ﬁlwh’w+ E >4

sk oujA<ﬁ££=o.

Define Co= P(A) & P(E) =X, whwe dyA=a<p



Twen  Co 1o auah'own) o Co'jr‘=|) +H  find 60'2/

Consider TE =@, (N0 Gince O (1) is dautological
restriction to CD 3i£|d§

E—A—0

o (o 2= duhA =a

Thus, CoZmm 0F +2Z  4ud (o= 2a <O

Thus, Co bounds N—G(X>) omd it's dual o (-af 4'17.))
Whidh is thue on T ]raDUhd_o,mj ot Nef (X\, o Wwe hawe

NE(X) e
-‘—!//\\\ Nef X
\\\\% )
Jar b

Case 9: E sem i-clable .

Fack about  shabilify:
a.) E,F somistable on a sm. wuvve => EOF comistable

lo} € =€, €, semistable = E; semistable.

Thug €®M is semistable, gud in havouterishe Dl SIME IS is. to

& Summond oL E'QM: <0 SME is Semistable.



Can check : mj(ShE>= 0.

Suppose I | b A v C o dig o sE
H(s"e @A) +0
Toww 0= —G"E @A

= 0 —3A*——>5""€.

*
Sme STE s Semi-stable, cka.jA <0 = a>0.
Suppose CTX is ah effective G

T C i a sechion ot @X(m)@’u’*A f Some M20 amd A a Lb.
o C.

14 we pushforwad 00— & (-1) > T*€ — 8,() =0

xe C
Ba&e—chth{ =) RLTr*(dx('l)Bl x = HL (Tr—l '("‘\jd ('ﬁ—_’: 0]
P’
So _IT,(.-[T‘}'F E = T*dx(ly
n
—"-*6)( ®E

I

£ (C 1S hvVWW«\,lw\-‘l Bbut 8 T ave comneckel)

ln fact, Exercige SME = T Oy(w)



So H(X, O (mYer?a) < H (e, T, Culm) o A)=H"(C,S"E®A)

0 =41y (A) 20

C

—_—
p—

v

Co Cl= at+mZ (ies in twe £ivst quadmwd-

= Nef (¥) € NE (X) C quadraht 1

But tweir boundaries must ke dumal, <p ’hunj both hawve bouhdany 2,
ond Fill twe Ist quadiamt.

Exercise: Find N—E (X) amval l\_JL—#OQ fiv e Hllowing Variefies:
1) X = “Dl blown up at 2 points
2) X = [PB blow hp ot 3 collinear Pu'wd—s

Queskion: I cose 2 (€ %(’.Wli-du]ob-)/ is NE(X) dosed?
e je e s irr (MVWVL Y st \/ = Iﬂw?j somt > |?

This i< equivalont o C having a dig O lin bundle A sk

H(S"E®A)E0 = A" ca$"F = STE is sumichable

M0 A =0

bub not gable. But..

Thm (Hm’ﬁhokfu} 1€ has gous 922, tum for oy £>0,4d€Z,
I a shicHy chable bundle € et vk b, dugd st ST(E) is stabl



Thus, we o find am € of deg O <& e i ho e PLechve cune
Yemz o PE)= NE #Ne(n

v in Twig Siﬂwﬁw} effedive e ave (humyicalhb ot e fovm
Y=02 + bf, whwe a>20,L>0.

Twms 2 NY=b >D, v T puirs Poqih’vdh wWith all ef€e (Hue cuvves

!

bt 2750, 02 15 hot ample (whith Showe Twat amplitude con't
he Ohetked gust by positivity o curves)



